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Abstract 
The complex macroscopic mechanical behavior due to the polycrystalline texture evolution under complex loading paths cannot 
be efficiently captured by the classical isotropic and kinematic hardening constitutive equations. The complex physical 
interplay of different directional texture leads to an evolving shape of the yield surface due to induced anisotropy, which can be 
described by distortional hardening. In the present work, induced anisotropy is explicitly developed using both motion and 
distortion of the yield and the plastic potential surfaces. A modified François (2001) model based on “egg-shaped” subsequent 
yield surfaces is developed. This model is controlled by three material parameters allowing the shape change in two orthogonal 
directions of kinematic hardening. Two surfaces (the yield function and the plastic potential) in the framework of non-
associated plasticity are used together with Continuum Damage Mechanics (CDM) framework in order to develop an 
elastoplastic model fully coupled with ductile damage. This model is implemented into ABAQUS/Explicit finite element code 
through the user subroutine/VUMAT. The capability of the developed model is briefly outlined through the comparison with 
Khan’s experimental results with high work hardening alloy A1100. 
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1. Introduction 
During metal forming by large plastic strains, the deformation is usually accompanied by many anisotropic 
phenomena. In order to accurately describe material behaviour in numerical simulation, a comprehensive 
understanding of the initiation and evolution of anisotropy is required. Many numerical works have been done 
related to the modelling of initial anisotropies. These theories assume that the anisotropy is resulted from the 
texture induced during the rolling process of the sheet. Various quadratic Hill-type (Hill, 1948; Hill, 1993) and 
non-quadratic Hosford-type (Hosford, 1972) yield functions have been proposed. Barlat et al. (1991) proposed an 
anisotropic yield function by introducing linear transformations of stress tensor and some multiple fitting 
parameters.  
During the past decades, numerous experimental investigations have proven that the induced anisotropy may be 
caused by the distortion of yield surfaces after plastic strain (Phillips and Lee, 1979; Phillips and Lu, 1984; Wu and 
Yeh, 1991). More recently, Khan and his group (Khan et al., 2009) have done many efforts on this research about 
two kinds of aluminium alloys AL6061-T6511 and annealed AL1100, under combined tension-torsion 
proportional loading paths. Number of publications proposed different approaches for modelling the distortion of 
the yield surfaces during the plastic yielding. François (2001) developed a yield criterion using the same norm as in 
the classical von Mises based criteria and introduced a distortional stress replacing the common stress deviator. On 
the other hand, Feigenbaum and Dafalias (2007) introduced a thermodynamically-consistent framework of 
isotropic, kinematic and directional distortional hardening at small strains. Barlat et al. (Barlat et al., 2011; Barlat 
et al., 2013) described the initial and induced anisotropy based on homogeneous yield functions combining only 
the isotropic hardening without kinematic hardening.  
For damage prediction, it is also a big issue to well understand the evolution of the subsequent yield surfaces 
under proportional and non-proportional loading paths for which the failure is very sensitive to the small changes 
of the yield surface due to the strong interactions between hardening and damage. Accordingly, the evolution of 
the subsequent yield surfaces attracts great attention on the material model under complex loading paths. 
In this paper, a fully coupled ductile damage model which combines an initial Hill48-type anisotropic yield 
function and mixed nonlinear kinematic and isotropic hardening, is enhanced by introducing the distortion of the 
yield surface. Three parameters ( 1ClX , 1PlX and 2lX ) are introduced to control the shape change of induced 
anisotropy in two orthogonal directions of kinematic hardening. The capability of the developed model is estimated 
through the comparison with Experimental results of high work hardening alloy. 
2. Constitutive modeling 
The elastoplastic constitutive equations fully coupled with the isotropic ductile damage using a 
thermodynamically-consistent framework are proposed including the yield surface distortion effect on the 
hardening and damage evolution for complex loading paths. The following couples of state variables are used: 
( , )eH V representing the elastoplastic flow; ( , )XD representing the kinematic hardening depicting the movement of 
yield surface; (r, R) representing the isotropic hardening depicting the change on the size (radius) of the yield 
surface; (d, Y) representing the isotropic ductile damage (Lemaitre et al., 1985). The overall constitutive equations 
developed in this framework can be found in (Badreddine et al., 2010; Saanouni, 2012). The state relations 
defining the stress-like variables are unchanged and given by: 
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where J  is a parameter governing the effect of the ductile damage on the isotropic hardening compared to the 
kinematic hardening and elastic modules. eP and eO  are the Lame’s constants and ek  is the compressibility 
modulus, while the  parameters C  and Q are the kinematic and the isotropic hardening modules respectively and 
. denotes the classical Macaulay brackets. 
In order to account, very simply, for the micro-cracks closure (represented by the material parameter h) effect on 
the damage growth, the stress tensor V  is spectrally decomposed into positive and negative parts according to 
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its associated eigenvector. The same decomposition is applied to the small elastic strain tensor. 
(1/ 3) ( )1e e ee traceH H   is the deviatoric part of the small elastic strain tensor.  
The evolution equations are derived from both the yield surface ( , , , )f X R dV and the plastic potential 
( , , , )F X R dV  based on Hill-type anisotropic quadratic equivalent stresses. The distortion of the yield surface 
during the deformation history is described by replacing the usual stress deviator S  by a “distorted stress”: 
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where a  and b  characterize the non-linearity of the kinematic and isotropic hardening respectively and S , s , E  
and 0Y  are material parameters which define the ductile damage evolution. yV  is the initial yield stress. H  is the 
Hill48 initial anisotropic operator, which has six anisotropic parameters F, G, H, L, M and N. dS , different from 
Francois’s model, is defined by: 
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where (3/ 2) :MX X X  is a norm of X . In this model, S  is decomposed into one part XS  collinear to X and 
another part OS  orthogonal to X . 1lX  is the same as set in Francois model, used to help adjusting the distortion 
ratio of the subsequent yield surfaces. In this model, two constants ( 1
C
lX  and 1
P
lX ,) replace 1lX  separately in yield 
function and plastic potential, and 1 1
C P
l lX X by default. A new parameter 2lX  is introduced into dS to control the 
cross size of subsequent yield surface in the orthogonal direction of loading path. Applying the well-known 
generalized normality rule leads to the following flux variables which define the evolution equations of the 
dissipative phenomena: 
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The plastic multiplier O  can be determined from the consistency condition 0pf    if 0
pf  , however it will be 
kept as the main unknown at each integration point of each finite element which will be determined from the FE 
calculation. This model is implemented into ABAQUS/Explicit© finite element code through the VUMAT user 
routine.  
3. Application on AL1100 
In order to evaluate the capability of the developed model, some numerical-experimental comparisons are 
conducted. The experimental data concerning the subsequent yield surfaces for Al1100 alloy are taken from Khan 
et al. (2010). These experimental results have been obtained with thin-walled tubular specimens under tension-
torsion loading paths. The experimental yield surfaces are shown in Fig. 1(a) while the Fig. 1(b) shows the 
experimental and numerically predicted stress-strain curves together with the hardening stresses (X11 and R) 
evolution. By considering a representative volume element (RVE), the tension, shear and combined tension-shear 
loadings are realized by the stress controlled methodology. Note that, the numerically predicted results of Fig. 1(b) 
are obtained based on the model without damage using the material parameters given in Table 1. 
Table 1. Parameters for AL1100. 
E (GPa) X yV (MPa) F G H L M 
72 0.3 7.72 0.5 0.5 0.5 1.5 1.5 
N C (MPa) a Q (MPa) b CX X  
PX X  l2X  
1.5 3080 56.2 158 7.0 100 100 150 
For the sake of shortness, in this paper the determination of the damage parameters is not discussed and will be 
presented in the full paper submitted for publication in the JMPT. Accordingly, only the parameters concerning the 
elastoplastic behaviour with hardening and yield surface distortion are considered. The optimal values of these 
parameters obtained with the hybrid numerical-experimental identification procedure (Yue et al. 2014) are 
summarized in Table 1. The internal stresses related to kinematic hardening (X11) and isotropic hardening (R) as 
well as the Cauchy stress (V11) are experimentally measured from the yield surfaces in Fig. 1(a) and plotted in Fig. 
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1(b). From these figures, it is found that the kinematic hardening increased very fast, and saturated at about 8% of 
plastic strain, while, the isotropic hardening increased nearly linearly as the plastic strain increases. Also in Fig. 
1(b) are superposed the numerical results predicted by the model showing good agreement with experimental 
results. 
 
(a) Experimentally measured yield surfaces in three directions        (b) Stresses vs strain curves under tension.  
Fig.1. Yield surfaces and stresses versus plastic strain in tension for Al1100 alloy.  
The comparisons between experimentally measured and numerically predicted yield surfaces under the three 
complex loading paths are shown in Fig. 2. Clearly the proposed model describes well the evolution including the 
distortion of the yield surfaces for the studied loading paths.  
 
   
(a) Tension direction     (b) Shear direction    (c) Combined direction 
Fig.2. Comparison between numerically predicted and experimentally measured yield surfaces.  
From Fig. 2(a), the numerically predicted kinematic hardening (centre of the yield surface) is in good agreement 
with experimental results, while the predicted shear stress (i.e; in the orthogonal direction) is a little bit 
underestimated. From Fig. 2(b) it is found that the predicted kinematic hardening and isotropic hardening are both 
underestimated slightly, and the distortional ratio seems also poorly predicted. The subsequent yield surfaces after 
combined tension-torsion are shown in Fig.2(c). The position and size of subsequent yield surface are also close to 
the experimental results.  
4. Conclusions 
In this study, a modified François (2001) model based on “egg-shaped” distorted yield surfaces is developed. 
This “egg-shaped” form is controlled by three parameters ( 1ClX , 1PlX and 2lX ) allowing the shape change in two 
orthogonal directions of the kinematic hardening. Two surfaces in the framework of non-associated plasticity are 
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used together with CDM framework in order to develop an elastoplastic model fully coupled with ductile damage. 
Based on the comparisons with Khan’s experimental results in three loading directions, these following 
observations can be made: 
(1) The method of “distorted stress” dS   replacing the usual stress S   to introducing the kinematic hardening 
effect seems be more reasonable and flexible with the assumption of texture evolution. 
(2) Only by introducing three material parameters ( 1ClX , 1PlX and 2lX ), the yield surfaces distortion can be well 
controlled in the stress spaces. 
(3)  The subsequent yield surfaces predicted with the proposed model is of good quality compared with 
experimental results, respecting the yield surface translation, expansion, width increase perpendicular to loading 
direction and also good nose and flat shape requirement.  
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